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N o o Va N . /4
Sa se arate cd daca X € (0, Ej astfel incat sIn X +C0OS X = \/ECOS X ,atunci X = E .

Rezolvare:

Transformarea
sumelor n
produse

Ecuatii
trigonometrice

CONCEPTE
NECESARE Formula
Functii injective PENTRU fundamentala a
REZOLVAREA trigonometriei
PROBLEMEI

1" Functiile trigonometrice ale sumei si diferentei de unghiuri. Transformarea
sumelor in produse .Ecuatii trigonometrice.

sin( X £ y)=sin Xcos y sin ycos X
a{ ( y) y y VX, yeR

cos(x£y)=CcosxcosyFsinxsiny



b)

a+b
2
_ab
2
cosa—cosh = CoS(X+Y)—Ccos(X—Y)=cosxcos y—sin xsin y —cos xcos y —sin xsin y =

o _a+b . a-
=-2sinxsiny =-2sin a+td > b sin a-b > b

Prin urmare Cosa—cosh =—2sin aTersin aT_b,Va, beR

ae[—l,l] ceR
csinx=a < X :(—1)karcsin a+kr, Vk eZ ; tgx=c<>x=arctgc+kz, Vk € Z

Consecinte: SiNX=0< X = (—1)k arcsin0 +kz, Vk e Z < x=kx,Vk € Z

tgx =1< x=arctgl+kr,Vk e Z < x:%+k7z,vk e’

d)cos f (x)=cosg(x)<>cos f (x)—cosg(x)=0<—2sin sin =0

R F)+9(x) g F(x)-9(x)
2 2

<> sin =0vsin =0

f(x)+9(x)
2

= f(X)+g(X)=2k7r,VkeZv f (X)—g(X)=2k7[,Vk€Z

f(X)—g(X) % f(X)+g(x):kﬁ,vkeZvM:kﬂ,VKEZQ
2

Prin urmare, COS f (X):COSQ(X)<:> f (x)+g(x) =2kz,VkeZv f (x)—g(x): 2k,VK e Z
2° Teorema fundamentala a trigonometriei

sin x+cos’ x=1,VxeR

3" Cosinusul si sinusul unui unghi in functie de cosinusul arcului dublu

Conform a) rezulta COS(X+ y) =C0SXCOoSYy—sinxsiny, X,y € R. Daci in aceasta relatie inlocuim

pe Y cu X vom obtine COS2X = COS X COS X —Sin Xsin X, VX € R sau €0s2X = €os> X —sin’ X, Vx e R.

Din 2° = c0s’ x =1-sin? X, VX € R, respectiv Sin’ x =1—c0s’ x, Vx e R.

cos? x=1-sin? x

Cum COS2X =C0S*X—sSin’Xx =  €0s2X =1—sin’ X—sin? x = cos2x =1—2sin’ X si de aici

. 1-cos2x . fl—cost
obtinem sin’ x = T Prin urmare, SINX =% T,‘V’X eR.



sin? x=1—cos? x

Cum C0S2X =C0S? X—Sin’X =  €0S2X =c0s’ X—1+4¢c0s? X = c0s2x = 2¢c0s? X —1 si de aici

1+cos2x 1-cos2x
obtinem €0s® X = — Prin urmare, COS X = +, ’T,VX eR.

4’ Functii injective

Fie f : A— B. Spunem ci functia f este injectivi<> VX, X, € A X, # X, = f (x )= f(X,) .
Propozitie 1 Fie f : A— B. Sunt echivalente afirmatiile:

i) f esteinjectiva

ii) VX, y € A astfel incat f(x)=f(y)=>x=y

Consecintd Fie f : A— B ofunctie injectivd si X,y € A. Sunt echivalente afirmatiile:

i) Xx=y

i) f(x)="F(y)

Propozitie 2 Fie f : A— B.Dac3 f este strict monotond, atunci f este injectiva.

METODA 1

. COS X +Sin X 1 . 1
SINX+COSX=+2C0SX <> ——————=COSX <> COSX:—=+SIN X-—==C0S X <

7 Z
G\

) T . a) T
<:>COSX'7+S|nX'7=COSXC>COSX'COSZ—FSIHX'SInZ=COSXC>COS(X—Zj=COSX<:>

d) T T T V4
<:>X—Z—X=2k7r,keZvX—Z+X=2k7z,keZ@—Z=2kﬂ,keZv2x=2kﬂ+Z,keZ<:>

43

<:>Xe@vX=k7z+%,keZ = x:%



METODA 2

T . .
FieX € (O,Ej astfel incat sin X +C0s X = /2 cos X. Din T.F.T. stim c3 sin? X+cos® X =1. Notdm

sinX=a si cosX=Db si vom avea :

{a+b=ﬁb:{a—(‘/§‘1)b:>(\/§_1)z b? 4+ b? :1:[(\/5—1)2+1}b2 —1-

a’+b*=1 a’+b*=1
:>(2—2\/§+1+1)b2:1:(4—2\/§)b2:1:>2(2—\/§)b2:1:b2:;:>
2(2—\/5)
=b?= 2+42 :>b2:2+\/§:b:i1/2+\/§:b:i 2+\/§:>cosx:i 2+\/§:
2(4—2) 4 4 2 2

Troosax 543)
Din 3 = CcosX =+ MV cR = cos%:
’ ,2+\/_ Z 2+\/_

43

T
Din (1) si (2) rezultd CcOS X = COS — = X = — . Verificarea finala ne conduce la concluzia ca
8 cos[ ”]injectiva“
7

este valoarea cautata.

METODA 3

V4 .
Fiex e (O,Ej astfel Tncat SIn X+COS X = \/ECOS X.Avem ca

cos x#0, VXE(O ”j
sinx:(«/i—l)cosx < z!)n—s):( \/5—1<:>tgx:«/§—1(3)

oy



Trooszx o1
Din 3’ = COoSX = M ,VXeR = cos%:
2+\/_ T _ 2+\/_
= (4)
V4 T T T
— ge(o,g) /1—cos(2-j 1—cos
Din 3°:>sinx:i,fM,VXeR = sinZ = 8/ _ 4 _
2 8 2 2

Din (4),(5) rezulta ca

Ty 22 [2-\2 (2—\/_)2 4-42+2  |6-42 7=
g8 \/2+\/— \/2+\/— Jzﬂ/_ 4-2 \/ 4-2 J 2 3-22=

= (V2-1) =42 -166)
€os X0 VXE(O ”j

Din (3) si (6) vom avea SinX=(\/§—1)COSX < sinx =2- lotgx = V-1s

COS X
. XE(O,EJ .

SigX=g— <& X=—.
81

injectiva 8
3

[,

NN

METODA 4

FieXe(O,E) astfel incat sin x+cosx=\/§cosx. Deoarece XG(O,EJ: cos X > 0si sinx > Oiar

de aici obtinem imediat cd Sin X+c0S X > O si \/ECOSX >0.

3

. . 2 2
Prin urmare, Sin X +Cosx=+/2C0sx < (sin x+cosXx) :(\/Ecosx) N



<> siN? X+ €08% X+ 2SiN XCOS X = 2€05° X <> 25iN XCOS X = 2C08% X —1 <> SiN 2X = COS 2X <>

xe[o,fj\{z}:cosbwto .
2/ 14 sin 2x

=1 tg2x=1< 2x =arctgl+kz, k eZAXE(O,%)\{Z}Q

COS 2X 4

c>2X:£+k7r,keZ/\Xe 0,z \ x @X:£+k—7[,keZ/\Xe O,z \ z &

4 2 4 8 2 2 4
obs T
SOX=—.

8

. u s . . r krx AT N -
Se observa ci dacd k e Z ZZ\{O}atunu X:§+7¢ O,E . Singura situatie convenabila este

Vs
atunci cand kK =0Qiar atunci X = g

o A . . o T 4 T 2 i
Ramaéne de discutat situatia in care X:Z . Dar atunci SInZ+COSZ:2-T:\/§|ar

T J2 T ...z -
«/ECOSZ = \/57 =1.Prinurmare, X= Znu convine. Ramaneca X = geste valoarea cautata.



